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1. Introduction

The phrase of univalent functions has a considerably broader meaning, referring to regular
(holomorphic) or meromorphic functions that determine a one-to-one mapping. Although univalent
functions can be defined in a variety of domains, including on a Riemann surface, most emphasis is
focused on a few specific classes. Let S be subclass of analytic function A, normalized by f(0) =
f'(0) —1 =0, with |z| < 1 defined as the unit disk, E, such as z € E. If the function f € A, then
f (2) has the following Taylor series form,

f(2) =z + Xy, anz"™. (1)

The Koebe function is known as an extremal function and this function also plays an important
role in class S for maximizing |a,,| for every n [1]. This function can be represented as follows:

K(Z)=ﬁ=z+222+323+---+nz" =Y ,nz". (2)
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The class of functions with positive real parts can be denoted as P. The function with a positive
real part, p(z) € P, can be represented in the following form, gave

p(z) =1+ ZPnZn =1+pz+pz%+-+p,2" 5
n=1

where z € E, and Re(p(z)) > 0. The Mobius function can be written as,

Lo(2) =2 =1+22+2224223 +=1+423%, 2", (4)

1-z =
and it plays an important role in P like the role of the Koebe functions in S [2].

There are three main subclasses in S such as starlike functions, convex functions and close-to-
convex functions. The function f is a starlike if and only if

Re (fo(—g)) >0, (5)

where f € Sand z € E. The class of starlike function is denoted by S*.Next, the class is when function
f become convex if and only if,

zf"(2) (6)
Re(l + e ) >0,

where f € S and z € E. This class is denoted by K. Lastly is the class of close-to-convex functions that
have been stated by [3] that if function f € S and there exists a real number 4 where —g <A< g
and a function g(z) is convex which satisfy these conditions,

irf' @ (7)
Re {e g,(z)} >0,

where z € E, then the function f is a close-to-convex function. Alexander in 1916 showed the
connection between starlike and convex functions if function h(z) € S* then h(z) = zg'(z) where
g(z) € K [1]. Hence, the condition in Eq. (7) also can be written as

Re {%} >0, (8)

where z € E. All starlike and convex functions are close-to-convex functions. It can be summarized
by proper inclusion K € §* € C € S. The class of close-to-convex functions is denoted by C.

The logarithmic coefficients for the function f € S are defined as,
log™2 = 2 Ty vaz®, )

and the logarithmic coefficients are denoted by y,. The exact upper bounds for logarithmic
coefficients are the very least. Milin’s conjecture showed that for functions f € S, andn > 2,
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mo i (kv =) <0, (10)

and the inequality in the form of Eqg. (10) is not difficult to see that it is implies the Biebarbach
conjecture. It was a proof of the inequality in the form of Eq. (10) that DeBranges established to prove
conjecture [4]. In addition, the result of an average sense in [2] and [5] gives more attention than the
exact upper bound for logarithmic coefficient |y,,|.

Since the Koebe function plays an important role in the extremal function for a variety of extremal

problems in class S , and it is expected that the upper bounds |y, | < % hold for the function in S.

Generally, the upper bound for |y,| is not true, even in order of magnitude [4]. Several studies on
the coefficient estimate for logarithmic coefficients for their own classes that have been established,
for example, the results in [4], [6-12]. In addition, some research on the coefficients estimates
problems in the Hankel determinants whose entries are the logarithmic coefficients has been
established. Examples of the results can be obtained in [13-16].

From there, the authors were inspired to obtain the third logarithmic coefficient for the class of
close-to-convex functions, where the function g(z) is in the generalized form. The authors defined
theclass f € Q(2,8,4,8), which is a class of the close-to-convex function that satisfies the following
condition,

zf'(z 11
Re {e‘l f—()} > 6, (11)
9(2)
where g(2z) = ﬁ, 0<B<2 1< g, cos A > 6, and z € E. The following section will be

the preliminary results which includes the established lemmas that will be used to obtain the
coefficient estimates problem.

2. Preliminary Results
In this section, we give two lemmas to prove our main result.
Lemma 1 (Libera and Zlotkiewicz [17-18])

Let p € P be in the form (3), then

¢ =2 (12)
2¢c; = 2(12 +2(1 = 18419, (13)
c3 =200 + 41 = 1419800 —2(0 = 14G1DGEE +2(1 = 141D A = 1421945 (14)

for some (;€E({i€123), where E:={z€C:|lz|<1}LE:={z€eC(C:|z|<1}, and
T:= 6E .

For {; € T, there is a unique function p € P with c; as in Eq. (12), namely,
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1+ 4z (15)
p(Z) - 1 _ (zzl
where z € E.

For {; € E, and {, € T, there is a unique function p € P with c, and c, as in the Eq. (12)and Eq.
(1), namely,

1+ (4G + 8z + §p2? (16)
1+ ({18 — )z — §oz%

p(z) =

where z € E.

For{;,{, € E, and {3 € T, there is a unique function p € P with c;, c,, and c3 as in the Eq.(12) to
Eq. (14), namely,

_ 14+ (G0 + Gl + 3Dz + (G105 + 38,05 + $p)z% + (323 (17)

p(Z) 1 + ((_253 + 51{2 - 51)2 + ((_1(3 + (1(_253 - (2)22 - (323’

where z € E.
Lemma 2 (Choi et al. [19])

This lemma is a special case of the more general results due to [19]. Defined as follows,
Y(A,B,C):=max{|A+Bz+Cz*|+1—|z|*> : z€ E},
where A, B, and C € R.

I.  Caseif AC = 0, then

|A| + |B| + |C], |Bl = 2(1 - [C]),
Y(4,B,C) = B?
1+ Al +—m——, |B| < 2(1 = |C)).
4(1—[c)
Case if AC < 0, then
1—14] + B 4AC<1 1)<BZ/\|B|<2(1 Ich
4(1=1cD’ C2 = ’
V(48,0 = 1+ |A| + B B? < '{4(1+|C|)2 4AC<1 1)}
a(T=1cD’ ™ ' c?
R(A,B,C) otherwise,
where
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|Al + |B| = |C], ICI(IB| + 4|Al) < |AB],

—|Al +|B| +[C], |AB| < |C|(IB]| — 4lAD,
R(A,B,C): = B2

(cl+14pD |1 - 1AC otherwise.

The next section will be the proof of Theorem 1 for the third logarithmic coefficients of the class
close-to-convex functions.

3. Main Results

The investigation on the third logarithmic coefficient for the generalized class of close-to-convex
functions attracted interest. The following theorem will show the working proof on obtaining the
third logarithmic coefficient for the generalized class. Assuming that, A =0 and § = 0 for the
function f € Q(2, B, 4, 6) without the loss of generality in finding the third logarithmic coefficient.
This analytical method will refer to the established lemmas of past research.

Theorem 1 If f € Q(2,3,0,0) is of the form of Eq. (1), then

1 ((32-98),/64-18p 13
Ivsl = 36( 27 +4p 27)'

This inequality is sharp.

Proof. Let f € Q(2,3,0,0) be of the form in Eq. (1), then there exists function p € P of the form in
Eq. (3), such that

(1-2Ff'(2) = p(2) (18)

where z € E. Noted that, the coefficient of f(z) by differentiating the Eq. (18), yields

1
=34 (19)
1 20
as = §(Cz +B) (20
and
1
a4 = Z(C3 + Clﬁ)' (21)
Also, the logarithmic coefficient gives
1
V1= EaZ (22)
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_ 1 1 2
Y2 = §<a3 - Eaz) (23)
and
1 1
V3 = E(a4 — apas + gag)- (24)

Then, by substituting the coefficient f(z) in Eq. (19) to Eqg. (21), into the logarithmic coefficients
in Eq. (22) to Eq. (24), yielding

=36
ys = %@ (o + ) — %(%qf) (26)
n=3(3eran-(3a) (3@ p)+3(Ga) ) @7

Next, by applying Lemma 1, for the logarithmic coefficient in the Equation 25 to Equation 27, will
get the following equations,

_a
n=75 (28)
1/ 20-14108 B (29)
2 7(?#%)
and

1 _
Y3 =78 [437 +8(1 — 18117)818, — 12(1 = 18117)41 87 =

+12(1 = (811 (1 = 182*)¢5 + 44, 81

a. Assuming that {; = 1, then by the Equation 30, give

(1+1pB)

<
lysl < T

b. Assuming that {; = 0, then inequality will show,

1
vl < 71— 15,1
1

< =
|Y3|—4-
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c. Assuming that {; € (0,1). Since the inequality |{5| < 1, Eq. (30), will return as,

GEEE+B) 2

48y; = 12(1 - |{411%) AR +360 - G145 + 114,12

The equation above can also be written as follows,

48y; = 12(1 - |(1|2)[A1 + B, + 61{22 +1- |(2|2] (31)

where

_ GGi+B) 2 _
A= 3017 B = 3 (1,and C = —(;.

As mentioned in Lemma 2 for the case of the inequalityAC < 0 for {; € (1,0). Evaluate the
inequality for —4AC(C~? — 1) < B?and |B| < 2(1 — |C|) as follow

—B%2—4AC(C™%2-1) <0,
will gives,
(1132 +12p) <0,
which is false for the {; € (1,0). Then for the inequality |B| < 2(1 — |C|) for {; € (1,0), gives
|Bl —2(1—-C|) <0,
yields,
Slal—2+2141 <o,
and
§|<1| —-2<0,

which is true for the{; € (1,0). Since only the inequality |B| < 2(1 — |C]) satisfies {; € (1,0) and
the inequality does not satisfy {; € (1,0), then the following condition does not satisfy,

—4AC(C™2—-1)<B?A|B|<2(1—|C))
The investigation for another inequality condition on the Lemma 2 which is
B2 <min{4(1 +|C|)? —4AC(C™?% - 1)}.

From that inequality,
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B2 — 4(1+C])? < 0,

will give,

=2 -8l -4 <0.

Examining another inequality which is B2 + 4AC(C~% — 1) < 0, gives,

22 1) [CEB) [ _ 2
Sér +a-D) [3(1—|<1|2>] 1-4a)<o,

and
_8,2_ %
9(1 3,8<O.

The condition of B? < min{4(1 + |C|)?, —4AC(C~?% — 1)} is satisfied. Therefore, by Lemma 2,
and from Eq. (31), yielding,

¥s =5 (1= 1G4 +BG + €3 + 1151717,
which gives

151+ B) N 6
3(1 =141 9+ 14D

1 2
vs=3—1aP) |1+
and

1
Y3 =3¢ [9 + 314118 — 8¢11% + 214, I°].
From the above equation, it shows that

36y3 =9 + 3|18 — 8|31 |* + 2|4 1P = 9({y),

and differentiate the function 9({;) with respect to ; for obtaining the solution and gives,

ady ’

and
3 —16]¢| + 6/¢11* = 0.

There are two roots for the function 9({;), so it yields,
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{1 — 4 + ‘/64;183’ and Zl — g . ,/64—18[3.

3 6
Theroot {; = 3 — “64;18ﬁ for the function 9({;) will be selected because it satisfies {; € (1,0).

Substitute the root in the function 9({;) and gives,

9 <3 ,/64—18/3) _ (32—9ﬁ)2,7/64—18/3 448 — 5

3 6

Verifying that,

6

96 <9 (2= L) for ¢, € (1,0),

By tracing back the working of proof, it seems that the equality in the Theorem 1 holds when it follows
the following condition,

_ 4 Je4—18B (32)
173 6
3=1 (33)
and
|4+ BG + €1 +1- 161 = 1+ Al + o) (34
where

A= (-8+/64-188)(-64—-98+8,/64—18f)
- -828+1628+144,/64—188 !

8 /64— 18f
B=—-Y_—_ T
9 9

Certainly, one of the solutions of Eqg. (34) can be checked as follows:

1
{ = W—{—324032 —6(V3)[-(B — 1)(255158°w, + 65618*
1
—89796632w, — 82960283 + 69054128w, + 13789116432
1

~14641000w, — 71734104 + 117128000) ]2
+38304f — 96800 + (8187 — 31328 + 12100)(w,)}

(35)

where

108



Journal of Advanced Research in Computing and Applications
Volume 41, Issue 1 (2025) 100-111

wy = (24382 — 119884 + 49548) (/64 — 18B) — 111782 + 150552 — 402216

and

w, = /64 — 188

By substituting the Eq. (32), Eq. (33) and Eq. (35) into the Eq. (30), and further simplify it into the
following inequality

361yl < 0 (4 - LF),

6

and gives

1 ((32-9B),/64—18p 13
sl < 36( 27 +4p 27)'
This ends the proof of the theorem. By letting the parameter § = 1 in Theorem 1, it will have the

following Corollary 1. The result obtained can be reduced to the result in [9].

Corollary 1. If f € Q(2,1,0,0) is of the form of Eq. (1), then

1
5 (95 + 23V46) ~ 0.258.

<
3l =97

The inequality is sharp with the extremal function,

f(z) = fz 1p£t22 dt, z€E,

where

(A +2)(9+ (7 —2V46)z + 922)
C (1-2)(9+ (1 +V46)z +922)

z €E.

p(2)

4. Conclusion

In this paper, we introduce a new function class Q(2, 8, 4,8), which is a generalized close-to-
convex function. We solve for the third logarithmic coefficient estimates and obtain a sharp
inequality for Q(2,8,0,0). The findings of the study can be extended to other forms of coefficient
estimate, such as high-order Hankel and Toeplitz Determinant estimates. The theoretical results
obtained in this study, particularly the sharp estimates for the third logarithmic coefficient in
generalized close-to-convex functions, have meaningful implications in applied fields. These
functions play a central role in conformal mapping, which is widely used in fluid dynamics,
electromagnetic field modeling, and heat transfer analysis. Accurate coefficient bounds enhance the
precision of such mappings, especially in complex geometries. Moreover, the findings can contribute
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to advancements in signal processing, computer graphics, and image transformation techniques,
where analytic functions are used to ensure smooth and distortion-minimized transformations. The
mathematical rigor established here also supports further development in symbolic computation
tools and cryptographic systems that rely on complex function theory. Thus, while rooted in pure
mathematics, the results offer foundational insights with potential applications across engineering,
physics, and computational sciences.

Acknowledgement

The authors would like to express sincere gratitude to the Faculty of Computer and Mathematical
Sciences for their continuous moral support and encouragement throughout the development of this
article. Their guidance and positive reinforcement have been instrumental in completing this work.
This research was not funded by any grant.

References

[1] Goodman, A. W. "Univalent functions (Vol. 1): Mancorp Pub." (1983).

[2] Duren, Peter L. Univalent functions. Vol. 259. Springer Science & Business Media, 2001.

[3] Kaplan, Wilfred. 1952. “Close-To-Convex Schlicht Functions.” The Michigan Mathematical Journal 1 (2).
https://doi.org/10.1307/mmj/1028988895.

[4] Thomas, D K. 2015. “On the Logarithmic Coefficients of close to Convex Functions.” Proceedings of the American
Mathematical Society 144 (4): 1681-87. https://doi.org/10.1090/proc/12921.

[5] Duren, P. L., and Y. J. Leung. 1979. “Logarithmic Coefficients of Univalent Functions.” Journal d’Analyse
Mathématique 36 (1): 36—43. https://doi.org/10.1007/bf02798766.

[6] Ali, Md Firoz, and A. Vasudevarao. 2017. “On Logarithmic Coefficients of Some Close-To-Convex
Functions.” Proceedings of the American Mathematical Society 146 (3): 1131-42.
https://doi.org/10.1090/proc/13817.

[7] Ali, Md Firoz, and A. Vasudevarao. 2016. “Logarithmic Coefficients Coefficients Of Some Close-To-Convex
Functions.” Bulletin of the Australian Mathematical Society 95 (2): 228-37.
https://doi.org/10.1017/s0004972716000897.

[8] Alarifi, Najla M. "The third logarithmic coefficient for the subclasses of close-to-convex functions." arXiv preprint
arXiv:2008.01861 (2020).

[9] Cho, Nak Eun, Bogumita Kowalczyk, Oh Sang Kwon, Adam Lecko, and Young Jae Sim. 2020. “On the Third
Logarithmic Coefficient in Some Subclasses of Close-To-Convex Functions.” Revista de La Real Academia de
Ciencias Exactas Fisicas Y Naturales Serie a Matemdticas 114 (2). https://doi.org/10.1007/s13398-020-00786-7.

[10] Elhosh, M M. 1996. “On the Logarithmic Coefficients of Close-To-Convex Functions.” Journal of the Australian
Mathematical Society Series a Pure Mathematics and Statistics 60 (2): 1-6.
https://doi.org/10.1017/s1446788700037344.

[11] Pranav Kumar, U., and A. Vasudevarao. 2017. “Logarithmic Coefficients for Certain Subclasses of Close-To-Convex
Functions.” Monatshefte Fiir Mathematik 187 (3): 543—63. https://doi.org/10.1007/s00605-017-1092-4.

[12] Girela, Daniel. "Logarithmic coefficients of univalent functions." Annales Fennici Mathematici 25, no. 2 (2000):
337-350.

[13] Allu, Vasudevarao, Vibhuti Arora, and Amal Shaji. "On the second Hankel determinant of logarithmic coefficients
for certain univalent functions." Mediterranean Journal of Mathematics 20, no. 2 (2023): 81.

[14] Soh, Shaharuddin Cik, Daud Mohamad, and Mohamad. 2023. “Coefficient Estimate on Second Hankel
Determinant of the Logarithmic Coefficients for Close-To-Convex Function Subclass with Respect to the Koebe
Function.” Malaysian ~ Journal ~ of  Fundamental =~ and  Applied  Sciences 19 (2): 154-63.
https://doi.org/10.11113/mijfas.vi9n2.2675.

[15] Cik Soh, Shaharuddin, Daud Mohamad, and Huzaifah Dzubaidi. "Coefficient estimate of the second Hankel
determinant of logarithmic coefficients for the subclass of close-to-convex function." TWMS Journal Of Applied
And Engineering Mathematics (2024).

[16] Kowalczyk, Bogumita, and Adam Lecko. 2021. “Second Hankel Determinant Of Logarithmic Coefficients Of Convex
And Starlike Functions.” Bulletin of the Australian Mathematical Society 105 (3): 458-67.
https://doi.org/10.1017/s0004972721000836.

110



Journal of Advanced Research in Computing and Applications
Volume 41, Issue 1 (2025) 100-111

[17] Libera, Richard J, and Eligiusz J Ztotkiewicz. 1982. “Early Coefficients of the Inverse of a Regular Convex
Function.” Proceedings of the American Mathematical Society 85 (2): 225-30. https://doi.org/10.1090/s0002-
9939-1982-0652447-5.

[18] Libera, Richard J, and Eligiusz J Zlotkiewicz. 1983. “Coefficient Bounds for the Inverse of a Function with Derivative
in P.” Proceedings of the American Mathematical Society 87 (2): 251-51. https://doi.org/10.2307/2043698.

[19] Jae Ho Choi, Yong Chan Kim, and Toshiyuki Sugawa. 2007. “A General Approach to the Fekete-Szegd
Problem.” Journal of the Mathematical Society of Japan 59 (3). https://doi.org/10.2969/jmsj/05930707.

111



